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THE ROKHLIN PROPERTY FOR ENDOMORPHISMS AND
STRONGLY SELF-ABSORBING C∗-ALGEBRAS
JONATHAN BROWN AND ILAN HIRSHBERG
Abstract. In this paper we define a Rokhlin property for automorphisms of non-
unital C∗-algebras and for endomorphisms. We show that the crossed product
of a C∗-algebra by a Rokhlin automorphism preserves absorption of a strongly
self-absorbing C∗-algebra, and use this result to deduce that the same result holds
for crossed products by endomorphisms in the sense of Stacey. This generalizes
earlier results of the second named author and W. Winter.
The goal of this paper is to generalize results from [HW07] to the cases of auto-
morphisms of non-unital C∗-algebras and of crossed products by endomorphisms in
the sense of Stacey. It was shown in [HW07] that given a Rokhlin automorphism α
of a unital C∗-algebra A, if A absorbs a strongly self-absorbing C∗-algebra D then
the crossed product A ⋊α Z also absorbs D. Strongly self-absorbing C
∗-algebras
are those infinite dimensional separable unital C∗-algebras D such that the map
d 7→ d ⊗ 1 from D to D ⊗ D is approximately unitarily equivalent to an isomor-
phism. We refer the reader to [TW07] for the basic theory of strongly self-absorbing
C∗-algebras. The known examples of strongly self-absorbing C∗-algebras are the
Jiang-Su algebra Z, the Cuntz algebras O2 and O∞, UHF algebras of infinite type,
and tensor products of O∞ by such UHF-algebras. We say that A is D-absorbing
if A ∼= A ⊗ D. The property of D-absorption for various strongly self-absorbing
C∗-algebras D plays an important role in structure and classification theory of C∗-
algebras. For Kirchberg algebras A, the fundamental theorems in [KP00] state that
A ⊗ O∞ ∼= A and A ⊗ O2 ∼= O2, and those are used in the Kirchberg-Phillips
classification ([Phi00]). In the stably finite case, D-absorption is central to Win-
ter’s classification theorem ([Win]). We refer the reader to [Rør91, Rør92] and
[GJS00, Rør04] for regularity properties of UHF-absorbing and Z-absorbing C∗-
algebras, respectively, and to [ET08] for a survey of regularity properties in the
context of classification of C∗-algebras.
In [Cun77], Cuntz introduced a notion of crossed product by an endomorphism
to aid in the study of the Cuntz algebras. In particular he shows that the Cuntz
algebras are crossed products of UHF algebras by an endomorphism. This crossed
product was later developed by Paschke [Pas80] and Stacey [Sta93]. Stacey showed
that crossed products by endomorphisms are universal for certain representations
and (following Cuntz) that they can be realized as a corner of a crossed product by
an automorphism.
In this note we shall first define a suitable version of the Rokhlin property for
automorphisms of non-unital C∗-algebras (Definition 1.2) and show that if α is a
Rokhlin automorphism of a C∗-algebra A and A absorbs a strongly self-absorbing
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C∗-algebraD then so does A⋊αZ (Theorem 1.9). We then define a Rokhlin property
for endomorphisms of C∗-algebras (Definition 2.1) and use Stacey’s construction and
Theorem 1.9 to prove that crossed products by Rokhlin endomorphisms also preserve
D-absorption (Proposition 2.2).
1. Automorphisms - the non-unital case
Notation 1.1. LetA be a C∗-algebra. As usual, we denote A∞ = ℓ
∞(N, A)/c0(N, A),
and we identify A with the image of the subalgebra of ℓ∞(N, A) consisting of the
constant sequences in the quotient. If G is a discrete group and α : G → Aut(A)
is an action, then we have a naturally induced action of G on ℓ∞(N, A), which de-
scends to an action on A∞ leaving the central sequence algebra A∞ ∩A
′ invariant.
We denote those induced actions by α¯. The case of interest in this paper will be of
G = Z, in which case we denote throughout α = α1.
Definition 1.2. Let A be a C∗-algebra, and α ∈ Aut(A). We say that α has the
Rokhlin property if for any positive integer p, any finite set F ⊂ A, and any ε > 0,
there are mutually orthogonal positive contractions e0,0, . . . , e0,p−1, e1,0, . . . , e1,p ∈ A
such that
(1)
∥∥∥∥∥∥


1∑
r=0
p−1+r∑
j=0
er,j

 a− a
∥∥∥∥∥∥
< ε for all a ∈ F ,
(2) ‖[er,j , a]‖ < ε for all r, j and a ∈ F ,
(3) ‖α(er,j)a− er,j+1a‖ < ε for all a ∈ F , r = 0, 1 and j = 0, 1, . . . , p − 2 + r,
and
(4) ‖α(e0,p−1 + e1,p)a− (e0,0 + e1,0)a‖ < ε for all a ∈ F .
This will be referred to as Rokhlin dimension zero in [HP], generalizing the defi-
nitions from [HWZ12].
We note that although the elements er,j are not required to be projections, they
behave almost like projections when multiplied by elements from a:
‖(e2r,j − er,j)a‖ < ε.
This follows immediately from the fact that e2r,j = er,j
1∑
k=0
p−1+k∑
j=0
ek,j.
We can reformulate this property in terms of the central sequence algebra as well.
The proof is straightforward and will be omitted.
Lemma 1.3. Let A a separable C∗-algebra and α ∈ Aut(A). Then α has the Rokhlin
property if and only if for any positive integer p and any separable self-adjoint sub-
space E ⊆ A∞ there are mutually orthogonal positive contractions e0,0, . . . , e0,p−1, e1,0, . . . , e1,p
in A∞ ∩ (A+ E)
′ such that
(1)


1∑
r=0
p−1+r∑
j=0
er,j

 a = a for all a ∈ A+ E,
(2) α¯(er,j)a = er,j+1a, for all r, j for all j = 0, 1, . . . , p−2+r, and all a ∈ A+E,
(3) α¯(e0,p−1 + e1,p)a = (e0,0 + e1,0)a for all a ∈ A+ E.
We recall that it was shown in [Win11] that any strongly self-absorbing C∗-algebra
is K1-injective. This was previously required as an extra assumption in some of the
theorems we refer to. In particular, it follows from [TW07, Proposition 1.13] that
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one can choose the unitaries implementing the approximately inner half-flip of D⊗D
to be in U0(D ⊗D), and we shall use this fact below in the proof of Theorem 1.9.
Definition 1.4. Let A be a separable C∗-algebra, let B be a unital C∗-algebra, and
let E ⊂ A∞ be a self-adjoint separable subspace. A c.p.c. map ϕ : B → A∞ will be
called a morphism relative to E if ϕ(B) ⊆ A∞ ∩ E
′ and
(1) (ϕ(xy)− ϕ(x)ϕ(y))e = 0 for all e ∈ E and all x, y ∈ B, and
(2) ϕ(1)e = e for all e ∈ E.
The two numbered conditions in this definition can be reformulated as saying
that the composition of ϕ with the quotient map A∞ → A∞/Ann(E) is a unital
homomorphism. The algebra (A∞ ∩ A
′)/Ann(A) was considered in [Kir06] as a
substitute for A∞ ∩ A
′ when A is non-unital, but we shall not use this formalism
here. Using Definition 1.4, we now rephrase the part of [HRW07, Proposition 4.1]
which is relevant to us as follows.
Proposition 1.5. Let A be a separable C∗-algebra and let D be a strongly self-
absorbing C∗-algebra. A is D-absorbing if and only if there is a morphism from D
to A∞ relative to A.
We record the following simple lemma. The proof is a straight-forward diago-
nalization argument, which we omit (see [HW07, Lemma 4.5] for a very similar
statement and proof).
Lemma 1.6. Let A,B be separable C∗-algebras, with B unital. Suppose that there
exists a morphism from B to A∞ relative to A, then for any separable self-adjoint
subspace E ⊆ A∞ there is a morphism from B to A∞ relative to A+ E.
We shall require the following lemma, which is a variant of [HW07, Lemma 2.3]
better suited for our needs.
Lemma 1.7. Let A be a separable C∗-algebra. Let G be a discrete countable group,
and let α : G→ Aut(A) be an action. Let D be a strongly self-absorbing C∗-algebra.
Suppose that there is a morphism ϕ from D to A∞ relative to A that furthermore
satisfies α¯g(ϕ(x))a = ϕ(x)a for all a ∈ A and all g ∈ G, then the full crossed product
A⋊α G is D-absorbing (and hence all other crossed products).
Proof. The canonical inclusion A →֒ A⋊αG induces an inclusion A∞ →֒ (A⋊αG)∞.
Pick a map ϕ as in the statement. Composing with this canonical inclusion (and
retaining the same notation), we can view ϕ as a morphism from D to (A⋊α G)∞
relative to A. However, if ug is one of the canonical unitaries in M(A⋊α G), a ∈ A
and x ∈ D then we have that
augϕ(x) = aα¯g(ϕ(x))ug = aϕ(x)ug = ϕ(x)aug
and since the elements of the form aug span A⋊α G, we find that ϕ is a morphism
relative to A⋊α G. Thus, by Proposition 1.5, A⋊α G is D-absorbing. 
We shall also require the following variant of [HW07, Lemma 2.4]. The idea of the
proof is to show that the conditions in this lemma imply the conditions of Lemma
1.7. The proof is a straightforward modification of the argument in [HW07] and will
be omitted.
Lemma 1.8. Let A be a separable C∗-algebra. Let G be a discrete countable group.
Let S ⊆ G be a generating subset. Let α : G → Aut(A) be an action. Let D be a
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strongly self-absorbing C∗-algebra. Suppose that for any ε > 0 and any finite subset
G0 ⊆ S, any finite subset A0 ∈ A and any finite subset D0 ∈ D of elements in the
unit ball there is a c.p.c. map ϕ from D to A∞ which satisfies
(1) ‖(ϕ(xy) − ϕ(x)ϕ(y))a‖ < ε for all x, y ∈ D0, a ∈ A0,
(2) ‖ϕ(1)a − a‖ < ε for all a ∈ A0,
(3) ‖[ϕ(x), a]‖ < ε for all x ∈ D0, a ∈ A0, and
(4) ‖(α¯g(ϕ(x)) − ϕ(x))a‖ < ε for all x ∈ D0, a ∈ A0, and all g ∈ G0,
then the full crossed product A ⋊α G is D-absorbing (and hence all other crossed
products).
Theorem 1.9. Let D be a strongly self-absorbing C∗-algebra. Let A be a separa-
ble D-absorbing C∗-algebra and α ∈ Aut(A) be an automorphism with the Rokhlin
property, then A⋊α Z is D-absorbing as well.
Proof. Fix a finite set K in the unit ball of D and fix ε > 0.
We define c.p.c. maps ι, µ : D → A∞ ∩ A
′ such that ι is a morphism relative to
A, and µ is a morphism relative to A+ span(
⋃
n∈Z α¯
n(ι(D))).
Choose a unitary w ∈ U0(D ⊗D) such that
‖w(x ⊗ 1)w∗ − 1⊗ x‖ <
ε
4
for all x ∈ K. Thus, w can be connected to 1 via a rectifiable path. Let L be the
length of such a path. Choose n such that L‖x‖/n < ε/8 for all x ∈ F .
Define c.p. maps
ρ, ρ′ : D ⊗D → A∞ ∩A
′
by
ρ(x⊗ y) = ι(x)µ(y), ρ′(x⊗ y) = α¯n(ι(x))µ(y) .
Since the image of µ commutes with the image of ι and its images under iterates of
α¯, those maps are well defined. We note that ρ(1)a = a and (ρ(xy)−ρ(x)ρ(y))a = 0
for all a ∈ A and x, y ∈ D ⊗D, and the same holds for ρ′ as well. This evidently
holds for elementary tensors in D⊗D, and by linearity and continuity holds for all
x, y ∈ D ⊗D.
Pick unitaries 1 = w0, w1, . . . , wn = w ∈ U0(D⊗D) such that ‖wj−wj+1‖ ≤ L/n
for j = 0, . . . , n− 1. Now, for k = 0, . . . , d, let
xj = ρ(wj)
∗ρ′(wj);
the xj ’s behave like unitaries when multiplied by elements from A, i.e. we have
xjx
∗
ja = x
∗
jxja = a
for all a ∈ A. Furthermore, x0a = a for all a ∈ A. Note also that
‖xj − xj+1‖ ≤
2L
n
for j = 0, . . . , n− 1, and that
‖ (xnα¯
n(ι(x))x∗n − ι(x)) a‖ <
ε
2
for all x ∈ K and all a ∈ A with norm at most 1.
Likewise, pick unitaries 1 = w′0, w
′
1, . . . , w
′
n+1 = w
′ ∈ U0(D ⊗D) such that ‖wj −
wj+1‖ ≤ L/n+ 1 for j = 0, . . . , n, and let
yj = ρk(w
′
j)
∗ρ′(w′j).
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The yj’s satisfy the analogous properties to those of xj’s, where n is replaced by
n+ 1.
Let E be the (separable) C∗-subalgebra of A∞ ∩ A
′ generated by α¯j(ι(D)) and
α¯j(µ(D)) for all j. Let {e0,0, . . . , e0,n−1, e1,0, . . . , e1,n} ∈ A∞ ∩ (A+ E)
′ be Rokhlin
elements in A∞ ∩ (A+ E)
′ as in Lemma 1.3.
Now, define θ : D → A∞ ∩A
′ by
θ(x) =
n−1∑
j=0
e0,jα¯
j−n(xj)α¯
j(ι(x))α¯j−n(x∗j ) +
n∑
j=0
e1,jα¯
j−n(yj)α¯
j(ι(x))α¯j−n(y∗j ).
We check that
(1) (θ(xy)− θ(x)θ(y))a = 0 for all x, y ∈ D, a ∈ A,
(2) θ(1)a = a for all a ∈ A, and
(3) ‖(α¯(θ(x))− θ(x))a‖ < ε for all x ∈ K.
Thus, θ satisfies the conditions of Lemma 1.8, so A⋊α Z is D-absorbing. 
2. Endomorphisms
We now consider the case of endomorphisms.
Definition 2.1. Let A be a C∗-algebra, and let α : A → A be an endomorphism.
We say that α has the Rokhlin property if for any positive integer p, any finite set
F ⊂ αp(A), and any ε > 0, there are mutually orthogonal positive contractions
e0,0, . . . , e0,p−1, e1,0, . . . , e1,p such that
(1)
∥∥∥∥∥∥


1∑
r=0
p−1+r∑
j=0
er,j

 a− a
∥∥∥∥∥∥
< ε for all a ∈ F ,
(2) ‖[er,j , a]‖ < ε for all r, j and a ∈ F ,
(3) ‖α(er,j)a− er,j+1a‖ < ε for all a ∈ F , r = 0, 1, and j = 0, 1, . . . , p− 2 + r,
(4) ‖α(e0,p−1 + e1,p)a− (e0,0 + e1,0)a‖ < ε for all a ∈ F .
This definition is (formally) weaker than [Rør95, Definition 4.1]. We do not know
whether they coincide when A is unital (in [Rør95, Definition 4.1] A is assumed to
be unital). One can define higher Rokhlin dimension in a similar way, however we
shall not pursue it further here.
Examples of endomorphisms satisfying the Rokhlin property (already in Rørdam’s
sense) play an important role in the theory. It was shown in [Rør95, Corollary 4.6]
that if G0, G1 are countable abelian groups with G1 torsion free, and g0 ∈ G0
then there is a simple unital AF algebra A and an endomorphism α of A satisfying
the Rokhlin property such that A ⋊α N is a unital Kirchberg algebra for which
(K0(A⋊αN), [1], (K1(A⋊αN)) ∼= (G0, g0, G1). For a more specific example, if we let
A ∼=Mn⊗Mn⊗· · · , and let e ∈Mn be a minimal projection, then the endomorphism
α : A → A given by α(a1 ⊗ a2 ⊗ a3 ⊗ · · · ) = e ⊗ a1 ⊗ a2 ⊗ a3 ⊗ · · · is the original
endomorphism considered in [Cun77], which satisfies A ⋊α N ∼= On. The bilateral
tensor shift on the infinite tensor power of Mn satisfies the Rokhlin property (see
[BSKR93] for the case of n even, and [Kis96] for the odd case). From this it follows
that the endomorphism α described above has the Rokhlin property in our sense
as well (see [Rør95, Example 4.3]). To see that, denote by σ the bilateral shift
automorphism on
⊗
∞
−∞
Mn. We think of A as the subalgebra 1
⊗∞⊗
⊗
∞
0 Mn of the
two-sided tensor power, and observe that α(a) = (e⊗ 1⊗∞) · σ(a) for all a ∈ A. Fix
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ε > 0, p ∈ N and F ∈ αp(A). Let (pr,j)r=0,1 ; j=0,1,...,p−1+r be Rokhlin projections for
the automorphisms σ with respect to the set F and the given ε. By perturbing the
projections pr,j if need be, we may assume without loss of generality that they are all
contained in a subalgebra of the form 1⊗∞⊗
⊗m
−mMn⊗ 1
⊗∞. We may also replace
the elements pr,j by σ
N (pr,j) for all sufficiently large N and they will still satisfy the
same Rokhin conditions (the projections will still almost commute with elements
of F , since for any x, y we have limk→∞ ‖[x, σ
k(y)]‖ = 0). In particular, we may
assume without loss of generality that the projections pr,j lie in 1
⊗(p+1)⊗
⊗
∞
p+1Mn.
Those projections now satisfy the conditions of Definition 2.1 for the endomorphism
α.
If α : A → A is an endomorphism, we define A−→ to be the inductive limit of
the stationary inductive system A
α
→ A
α
→ · · · (this is sometimes denoted in the
literature by A∞, however we already used this notation for the sequence algebra).
The endomorphism α induces an automorphism of A−→, given by the downwards
diagonal arrows in the following commuting diagram.
A
α
//
α

❅
❅
❅
❅
❅
❅
❅
❅
A
α
//
α

❅
❅
❅
❅
❅
❅
❅
❅
A
α
//
α
  
❆
❆
❆
❆
❆
❆
❆
❆
· · ·
A
α
// A
α
// · · ·
We denote the resulting automorphism by α−→. We use this setup to pass from endo-
morphisms to the case of automorphisms in the non-unital setting, of Theorem 1.9.
In the examples we describe above, permanence of D-absorption can be read off
K-theory data, and in that sense our results give nothing new; however this method
provides a direct and different way of obtaining it.
Proposition 2.2. Let α : A → A be an endomorphism satisfying the Rokhlin
property.
(1) The automorphism α−→ has the Rokhlin property as an automorphism of A−→.
(2) If D is a strongly self-absorbing C∗-algebra and A is a separable unital D-
absorbing C∗-algebra then A⋊α N is D-absorbing as well.
Proof. For (1), let γn : A→ A−→ be the canonical homomorphisms as in the definition
of an inductive limit, i.e. γn+1 ◦ α = γn and A−→ =
⋃
n γn(A), where the union is
increasing. Let F ⊆ A−→ be a given finite set, let ε > 0 and let p > 0 be a given
integer. We may assume without loss of generality that F ⊆
⋃
n γn(A). Fix N > p,
and choose a finite set FN ⊆ A such that γN (FN ) = F . Find elements er,i as in
Definition 2.1, and one now checks that the elements γN (er,i) satisfy the conditions
of Definition 1.2 with respect to the given (F, ε).
For (2), by [Sta93, Proposition 3.3] there exists a projection p ∈M(A−→⋊α−→
Z) such
that A⋊αN = p(A−→⋊α−→
Z)p. Thus by [TW07, Corollary 3.1], A⋊αN is D-absorbing
if A−→⋊α−→
Z is. Theorem 1.9 and (1) now give the result. 
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